Two-component theory of a droplet of electrons in half-filled Landau level 
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We have investigated low energy excitations of a disk of electrons in half-filled Landau level using 
trail wave function and small-size exact diagonalization approaches. We have constructed a set of 
many-body basis states that describe correctly the low energy excitations. In this theory a droplet 
consists of two types of composite fermion liquids, and suggests that a droplet can support an edge 
magnetoplasmon and low energy droplet excitations. A possibility of measuring these excitations in 
a quantum dot is discussed. 
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There has been a great interest in two-dimensional 
electron liquid in a strong magnetic field at half-fillingErEl. 
Its bulk properties have been investigated and several 
novel features have been revealed. Electrons form a new 
exotic metal in which they move effectively in zero mag- 
netic field despite the gi-esance of an external fieldtl. A 
dipole-like new particleacllffl with fermionic statistics has 
been introduced. This new state o£ matter form a Fermi 
liquid with a finite compressibility^. 

The edge properties of this exotic liquid are 
of great cutrent interest, both experimentallyB and 
theop^ticallyoiij. Recently a two-mode model for the 
edgsI3 has been proposed based on a theory of the elec- 
tron liquid at v =ri/2 consisting of charged bose and neu- 
tral Fermi liquidsB. In this theory the charge mode prop- 
agate while the neutral mode is dispersion-less. A theory 
based topology of Abelian fractional quantum Hall states 
also leads to similar results, but in this approach two n<m- 
propagating modes of a purely topological origin existES. 
The edge properties have been also investigated usina_a 
trial wave function for an electron disk at half-fillingO. 
The computed edge occupation number showed, in sharp 
contrast to incompressible Laughlin states, that a tail 
exists in the occupation number beyond the radius of a 
droplet of uniform filling factor 1/2. This resujt-,is found 
to be identical to that of the two-mode theoryta. 

A disk of electronala is an intermediate system between 
a bulk and an edge. In many respects it is similar to a 
nucleus consisting of protons and neutrons. A nucleus 
has several types of collective modes, Mie resonances, 
geometrical modes, and surface excitations. The elec- 
tron disk at half-filling is different from other quantum 
Hall liquids in that it has a finite compressibility. It is 
precisely this that makes it similar to a nucleus. 

In this paper we investigate low energy excitations of 
a such a disk of electrons. In this work we develop a dif- 
ferent framework based on trial wave function approach 
and not on field theory. We find that a droplet at half fill- 
ing can be viewed as a two- component composite fermion 
(CF) liquid, one component consisting of CFs of higher 
Landau levels (LLs) and the other of CFs of the lowest 
Landau level (LLL) (see Fig. 1(b)). The main result of 



our investigation is the identification of low energy exci- 
tations of the two-component CF liquid. One of them is 
the center of mass (CM) motion, in which the pair exci- 
tations of each CF liquid move in phase. This excitation 
is an edge mode. We have identified another excitation 
in which the pair excitation of one CF liquid move out 
of phase with the pair excitations of the other CF liq- 
uid. This is not an edge mode, but is an excitation of 
the entire droplet. We find other droplet excitations and 
discuss the possibility of measuring them in a quantum 
dot. 

The approach of the present work is based on the fol- 
lowing idea about the ground state. In disk geometry at 
v = 1/2 the constraint v = N(N — 1)/2Mq dictates that 
about N/2 CFs occupy thfi-XLL and the rest of CFs oc- 
cupy singly each higher TlM (Here v is the filling factor 
and Mo is the total ground state angular momentum). 
The energies of these singly occupied states must coin- 
cide with the Fermi energy of composite fermions (see 
Fig. 1(b)). Since collective modes are described by form- 
ing a linear combination of pair excitations in CFLLs, 
these pair excitations may serve as the basis states. The 
number of these basis states at a given wave vector is 
equal to the number of possible pair excitations. 

We consider a system of 2D electrons confined by a 
parabolic potential , V(r) = m51 2 r 2 /2. The advantage of 
this model is that some exactly known results can be uti- 
lized in constructing the collective modes. Such a system 
will form a uniform density electron disk for sufficiently 
large N. We confine our attention here to the strong 
magnetic field limit. In this limit the symmetric gauge 
single-particle eigenstates are conveniently classified by a 
Landau level index n and an angular momentum index 
m > n, and we can confine our attention to n = 0. The 
single particle orbitals in the n = level have energies 
e m = hui c /2 + j(m+ 1), where 7 = m0 2 £ 2 (I is the mag- 
netic length). The system is invariant under spatial ro- 
tations about an axis perpendicular to the 2D plane and 
passing through the center of the dot. It follows that the 
total angular momentum M z is a good quantum number. 
Eigenenergies may be expressed as a sum of interaction 
and single-particle contributions 
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Ei(N, M z ) = Ui(N, M z ) + 7 (JV + M 2 ). (1) 

Here i labels a state within a M z subspace, and 
Ui(N,M z ) oc e 2 /e£ is determined by exactly diagonal- 
izing the electron-electron interaction term in the Hamil- 
tonian within this subspacetLa. 

Recently it has been argued that the main physics of 
strong electron .correlation is that the.electrons carry two 
Jastrow factorsO. Jain and Kamilalia have proposed the 
following wave functions of interacting fermions in the 
LLL for a given total angular momentum M z : 

^LLL = PLsDetiz^dfJi}, (2) 

where Ji = Yijjki( z i ~ z j)- Successively higher powers of 
di acting on J; appear as-we move to the right for a given 
row in the determinant£3. There are N possible values 
of (n,m) in i^lll, and the sum of m yields M z . One 
may regard n and m as the LL index and the angular 
momentum of the CFs, respectively. .— . 

Wave functions of the LLL must be analyticta, and 
the filling factor is related to the total angular mo- 
mentum through v = N(N - l)/2M z . These facts 
severely limits the possible forms of the wave functions. 
It has been proposed at v = 1/2 in disk geometry that 
a correct ground state wave function <I> is obtained 
by putting about N22 CFs in the LLL and the rest 
singly in higher LL'sEJ (In this scheme CFs are not dis- 
tributed like electrons in a Fermi liquid). For even and 
odd N states [jV , .., N, N L -x]=[N/2, 2, 1, 1] and 
[(N + l)/2, 1, 1] are chosen, respectively, where N is 
the number of CFs occupying the i-th LL. For even N 
the number of composite fermions occupying LLL and 
higher LL's are, respectively, iVo = N/2 and Nh — N/2. 
For odd N they are (N + 1) /2 and (N - 1) /2. 

To investigate excited states we make the following as- 
sumption: The states = [No, .., N*, Nl-i], where 
the highest angular momentum of the n — i LL has in- 
creased by unity, form a basis for the collective modes 
with SM Z = 1. The number of states in this basis is 
Nl, equal to the number of LL's occupied by compos- 
ite fermions (It is given by N/2 and (N + l)/2 for even 
and odd number of N). There are many other possible 
states that could be added to the basis, but we assume 
that these states are enough. These are non-orthogonal 
states. Below we test these ideas against exact diagonal- 
ization results. 

The first collective mode we construct from these states 
is the center of mass motion of electrons. The center-of- 
mass (CM) motion of a droplet with 5M Z = 1 is de- 
scribed by multiplying the ground state wave function 
with powers of the CM coordinated Z = (J^Zi z i)l N - 
$2 = Z<& . In the absence of the external potential, the 
displaced state is degenerate in energy with the original 
state because the interaction Hamiltonian, projected to 
the LLL, commutesEJ with Z. It can be explicitly con- 
firmed for v = 2/5 (N = 4), v = 1/2 (N = 3,4,5Umd 
v = 2/3 (N = 4, 5) that the following relation holdsca 



Nl — 1 
i=0 

<& 1 is represented remarkably simply in our basis: it is ex- 
pressed as a linear combination of the intra-Landau-level 
excitations of CFs with the same expansion coefficients. 

In order to find another eigenstate with 5M Z = 1 we 
try a wave function of the form 

$2 = *i - a = *J - (4) 

i=l 

The orthogonality of $ x with <& 2 determines the param- 
eter a 

z S£b <*<l*i> , 5) 

ES.- 1 ESr 1 <* < i* i >- u 

For N = 3,4,5 the parameter a — 2,1,3/2, which is 
precisely the ratio between the number of composite 
fermions in the lowest LL (No) and in higher LLs (Nh). 
In the limit TV — > oo we expect a = N /Nh — > 1. 

Other Ni — 2 eigenstates may be constructed using the 
Gram-Schmidt process. The J'th unnormalized eigen- 
state is given by 

$' 7 = # j- < $1!*,/ > $1 - < > 

(6) 

Then $j is the unit vector <&j/ < >. 

These wave functions are proposed at arbitrary val- 
ues of N. They can be compared with the exact eigen- 
states for N = 3, 4, 5, and we find a good agreement. For 
N = 5 there are three 4>j states = *i +^2 + ^3, $ 2 = 
*i -3/2(^2 + ^3), and $ 3 = -0.0654*1-0.8037*2 + ^3. 
We find that the overlaps of the normalized $ 1 ,"!>2, < i ) 3 
with the exact wave functions are all nearly one. This 
comparison is done by expanding <I>j into Slater deter- 
minant basis states of the form = J2ibi<t>i, where 

& = n p a m p |0 > with J2p=i m P = M z . The states $j 
can be written as linear combinations of 34 Slater deter- 
minant states. In $1 particle-hole excitations of the LLL 
and those of higher LLLs move in phase. This implies 
that composite fermion liquids of higher LLs and the 
LLL move in phase. In $2 the particle-hole excitation 
of lowest CFLL has opposite phase in comparison with 
those of higher CFLLs, which means composite fermion 
liquids of higher LLs and the LLL move out of phase. 
In $3 the amplitude of the particle-hole excitation of the 
lowest CFLL is rather small, indicating that it mainly 
consists of excitations in the composite fermion liquid of 
higher LLs. 

The states $1, $2, and $3 are responsible for the 
lowest, second lowest, and third lowest energy peaks 
in the plot of the dynamic structure factor for N = 5 
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(see Fig. 2 ). Figure 3 displays the occupation numbers 
n m =< c+ n c m > of these excitations. In the CM mode 
only the occupation numbers near the edge are changed, 
indicating an edge mode. In this mode the electrons sim- 
ply move back and forth uniformly with a circular vol- 
ume, resulting in an edge magnetoplasmon. The energy 
required to excite this mode from the ground state is 
given by the intra LL energy spacing 7, i.e. the excitation 
energy is independent of electron-electron interaction. In 
the other excitations n m changes significantly also in the 
interior of the droplet. 

Figure 4 displays the dynamic structure factor for 
N = 8. The biggest peak represents the CM mode. 
Around this main peak several smaller peaks separated 
from the continuum are observed. These peaks originate 
from states $j and have much bigger oscillator strength 
than continuum states. The excitation energies of these 
peaks will contain contributions from electron-electron 
interaction. Our small-size exact diagonalization shows 
that the oscillator strength of these peaks depend sensi- 
tively on N. In the large N limit these <1>j excitations 
are expected to form a continuum and the CM rppde will 
be damped by it, much like what Halperin et afl find. 

Far-infrared radiation can induce optical transition be- 
tween meV energy levels in a quantum dotE3, and is a 
possible tool to investigate these excitations. It will be 
interesting to observe how these peaks evolve as N is var- 
ied from a mesoscopic number to a macroscopic number. 
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FIG. 1. (a)rft displays the occupation of composite fermions in the ground state for N — 5. According to the proposed trail 
wave functionEj about half of the composite fermions occupy the lowest Landau level, while the other half occupy singly higher 
Landau levels. (b)A schematic energy diagram of composite fermion Landau levels as a function of the distance from the center 
of the droplet. This result is obtained from the following reasoning. The composite fermions that occupy higher LLs singly 
have the quantum numbers (n, m) = (n, — n). So the composite fermion in the nth LL is strongly localized to within cc I of a 
ring with radius r n = i^j2(n + 1). As n increases the radius increases. The size of the droplet of composite fermions in higher 
LLs is thus about same as that of the droplet in the LLL. Also the energies of the occupied higher Landau level states must be 
degenerate since non-equilibrium population is not allowed. Three pair excitations are shown, (c) Three basis states for N = 5 
are shown. They belong to the many-body subspace with the total angular momentum M z = Mo + 1, where Mo = N(N — 1) is 
the ground state angular momentum. Note that each basis state has a particle-hole excitation in a composite fermion Landau 
level. In lowest Landau level, although many composite fermions are present, only one pair excitation is possible with the 
correct angular momentum. 



FIG. 2. Dynamic structure factor at 8M Z — 1 as a function of the interaction energy Ui. The actual excitation energy is 
Em = Ui + 7 — Uo (energy is measured in units of e 2 /e£). The number of electrons is N = 5. 



FIG. 3. Occupation numbers for the ground state (circle), $1 edge magnetoplasmon (square), $2 droplet excitation (dia- 
mond), and $3 droplet excitation (triangle). 
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FIG. 4. Same as in Fig.2 with N = 8. 
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